We perform a Monte Carlo study of N -step self-avoiding walks, attached to the corner of an impenetrable wedge in two dimensions (d = 2), or the tip of an impenetrable cone in d = 3, of sizes ranging up to N = 10 6 steps. We find that the critical exponent γα, which determines the dependence of the number of available conformations on N for a cone/wedge with opening angle α, is in good agreement with the theory for d = 2. We study the end-point distribution of the walks in the allowed space and find similarities to the known behavior of random walks (ideal polymers) in the same geometry. For example the ratio between the mean square end-to-end distances of a polymer near the cone/wedge and a polymer in free space depends linearly on γα, as is known for ideal polymers. We show that the end-point distribution of polymers attached to a wedge does not separate into a product of angular and radial functions, as it does for ideal polymers in the same geometry. The angular dependence of the end-position of polymers near the wedge differs from theoretical predictions.
I. INTRODUCTION
The statistics of the polymer conformations [1, 2] in the presence of confining geometry has been the subject of extensive study for many years. Of particular interest is the case of long polymers, which is closely related to the critical phenomena of magnetic systems [1] [2] [3] [4] . Some properties of the polymers are universal, i.e., close to the critical point (when the number of monomers in the polymer N → ∞), they are independent of most of the details in the system. An important model for polymers is a lattice walk, which captures all the universal features [1] . Random walks (RWs) are used to model ideal polymers, where different monomers are allowed to inhabit the same volume in space. Self-avoiding walks (SAWs) are used to model polymers in good solvent, where steric interaction between monomers exists. For large N , the number of configurations of a free N -step lattice walk starting from the origin, [5] 
where γ f is a universal constant (exponent), and µ is the coordination number of the particular lattice for RWs or effective coordination number for SAWs. In this work we study the behavior of long polymers attached to an excluded infinite cone in dimension d = 3 or wedge in d = 2 (see Fig. 1 ). These objects are scalefree [6] [7] [8] [9] [10] [11] , i.e., their shape is invariant with respect to a re-scaling by an arbitrary factor λ, i.e., r → λ r. Generally, such scale transformations change the position of the surface. Here we study polymers attached to the tip of the cone/wedge, which is placed at the origin, so that the position of the surface and the starting position of the polymer will not change under a scale transformation. The number of polymer conformations near the * Email: hammeryosi@gmail.com cone/wedge [6] [7] [8] [12] [13] [14] ]
where γ α depends on the opening angle α of the cone/wedge (but does not depend on any microscopic details of the polymer), while µ is the same as in Eq. (1) [14] . For ideal polymers, γ α can be found analytically by solving the diffusion equation in the relevant geometry [6] [7] [8] [9] 15] . For SAWs near a wedge (d = 2), γ α was calculated [12] using the analogy between magnetic and polymer systems near the critical point, along with conformal invariance [3, 4, 16] . In Sec. II we measure the difference ∆γ α = γ f − γ α using exceptionally long walks (N as high as 10 6 ), and compare our results with theoretical predictions.
In Sec. IV we study the end-point distribution ρ α ( r) of a SAW in the wedge/cone, and the mean square end-toend distance R 2 α . It is known that R 2 α ∝ R 2 ∝ N 2ν [1] , where R 2 is the mean square end-to-end distance of the polymer in free space, and the exponent ν is independent of α. For long ideal polymers attached to wedges/cones, ρ α ( r) is a product of radial and angular functions [8, 9] :
where the function Θ α , which is known for a cone and a wedge, depends only on the direction of r (r is a unit vector). Note that we assume the distance from the anchor point of the polymer to the tip of the wedge/cone h ≪ R and therefore appears in ρ α only as a prefactor which we neglected in Eq. (3). Fig. 2 depicts ρ α for an ideal polymer near a wedge with α = 3π/4. The solid lines in Fig. 2a represent curves with constant θ. They all have the same form shown in Fig. 2b . Similarly, the dashed lines in Fig. 2a represent curves with constant radius, which have the form shown in Fig. 2c . Note that for ideal polymers, ∆γ α determines the number of polymer conformations, and also determines the small r behavior of ρ α . Moreover, Eq. (3) leads to
For SAWs, however, not much is known about ρ α , and that is the focus of our study. We wish to see which of the properties of ideal polymers in scale free spaces carries over to polymers in good solvent. Monte Carlo simulations face a challenge to generate large ensembles. The pivot algorithm [17] [18] [19] [20] [21] is a dynamic method which generates SAWs with fixed N and free end-points. In each time step a random site along the walk is used as a pivot point for a random symmetry action on the lattice (e.g., rotation or reflection) to be applied to the part of the walk subsequent to the pivot point. The resulting walk is accepted if it is self-avoiding; otherwise, it is rejected and the old walk is sampled again. The pivot algorithm is most efficient when studying large scale properties of the polymers such as R 2 [18] . Still, the bottleneck in the algorithm was always the self-avoidance tests, which required O(N x ) operations (x ∼ 1). Recently, Clisby [20, 21] introduced a new data structure called a SAW tree that allows for a faster implementation of the pivot algorithm. An N -site SAW is represented by a binary tree [22] . The N leafs of the tree are individual sites of the walk, while each of the N − 1 internal nodes represents a section of the walk. Each internal node contains aggregate information about the section of the walk that it represents, such as the bounding box of the section, which is a convex shape that completely contains it. Each node also contains a symmetry operation. The walk corresponding to a SAW tree is constructed in a recursive procedure starting from the root and moving down the tree. At each step, the symmetry operation stored in the node is performed on the right child, and then the left and right children are concatenated. Clisby also defined a set of rotation operations [22] that can change the structure of the tree while not changing the SAW it represents. A pivot move can be implemented by selecting a node and changing the symmetry operation it contains, after using rotations to bring it to the root of the tree. In order to check for intersections between sections of the walk, one can recursively check for intersections between bounding boxes of left and right children in the tree. Clisby showed that on average, a remarkably low number of intersection tests is needed, and a test for self-intersection can be done in at most O(log N ) time. As mentioned in [21] , the SAW tree can be used to perform fast intersection tests with surfaces. This is done by recursively checking for intersections between the bounding boxes of left and right trees and a boundary surface. In this work, we implemented such intersection tests for wedges and cones which also take no longer than O(log N ) time to perform. Note that while the self-intersection tests are used to accept or reject pivot moves, in our simulation, the intersection tests of walks and surfaces are used only to decide whether to include the walks in the statistics of a particular geometry (see Sec. II). The improved implementation of the pivot algorithm enables the study of SAWs in confined spaces of sizes that were not accessible to simulations in the past. In Sec. II we explain the simulation method, review the measurement of ∆γ α , and compare with available theory. In Sec. III we discuss the end-point distribution of a SAW in free space ρ f ( r) as a preparation for the following discussion of the confined distribution. In Sec. IV we discuss the end-point distributions for SAWs starting near a wedge/cone and find disagreement with the predicted angular dependence of the end-point position. Sec. V is devoted to the universal ratio R 2 α /R 2 , where we find that the RW behavior can be carried over to the case of SAWs quite well. Final conclusions and remarks are found in Sec. VI.
II. MEASUREMENT OF ∆γα
In order to study the behavior of the exponent γ α , we measured the probability p α (N ) of successfully moving a lattice walk with N steps that was generated in free space to the vicinity of an excluded wedge/cone with opening angle α (without changing its shape). This probability is equal to the fraction of walks that, starting near the tip of the cone/wedge, do not intersect with the boundary. From Eqs. (1) and (2),
We used the pivot algorithm to generate at least 2×10
6
SAWs in free space with N = 10 5 to 10 6 , where sequential samples were separated by 10 3 pivot attempts (Other methods to manage large highly correlated data could also have been used, such as time batching [23] ). Each simulation began with an initialization of the SAW in order to avoid any systematical errors due to its initial configuration. Madras and Sokal [18] estimated that it is sufficient to discard the first 20N/f time steps in the simulation, where f is the acceptance rate of the pivot moves. Given that the lowest acceptance rate in our simulation was f ∼ 0.07 (for SAWs on the square lattice with N = 10 6 ) we found it sufficient to discard the first 500N time steps in all configurations studied in this work. We selected the pivot points uniformly from the sites along the walk. Reduction of the simulation time or an increase in accuracy can be achieved by using non-uniform selection of the pivot sites along the walk, thus reducing the autocorrelation time for the samples in the simulation [24] .
In every sample the walk was tested for intersection with a wedge/cone with various opening angles α, placed so that the starting position of the walk is ten lattice units from the tip. We measured the probability p α (N ) that the walk will not intersect with the boundary and the distribution of the end-point of the walk (used in Sec. IV). Note that the pivot attempts were performed in free space and, when studying the end-point distribution of a SAW in a particular wedge/cone, only those samples in which the walk did not intersect with the surface were considered. Since the pivot algorithm in free space is ergodic, all samples in the generated ensemble are taken into account with the same statistical weight. The same is true for a subset of this ensemble where the walks do not intersect a certain boundary. In order to verify the validity of our method, we repeated the simulation for RWs, this time accepting any pivot attempt, without checking for self-avoidance, and compared our data with known theoretical results. Note that Eqs. (1) and (2) are valid in the asymptotic limit N → ∞ and, in principle, we should consider finite size
, where ∆ ≈ 0.52 [25] in d = 3). However, since the smallest N in this simulation is 10 5 , we find that finite size corrections are negligible compared to the errors due to the statistical scattering of the data.
In Fig. 3 we present, in logarithmic scales, the success probabilities as a function of the size of the walk, for SAWs in d = 2 and d = 3. The linear dependence is clearly observed. The absolute values of the slopes of the linear fits shown in Fig. 3 represent the difference in the critical exponents, ∆γ α , and they are presented in Fig. 4 (red circles). A similar analysis for RWs is also shown in Fig. 4 (black diamonds). The dashed line in Fig. 4b represents the prediction from conformal invariance [12] , while the solid lines in Figs. 4a and 4b represent the known values of ∆γ α for RWs in two and three dimensions [6] [7] [8] [9] . We find excellent agreement with all theoretical predictions. For SAWs in d = 3, where there are no analytical estimates for ∆γ α , we present our numerical estimates in Table I . Recently Clisby et al. [24] used the pivot algorithm to study SAWs near a flat plane (α = π/2) and reached the very accurate estimate ∆γ α = 0.479315 (20) , in agreement with our result ∆γ α = 0.482 ± 0.011. Note that in [24] a specific geometry for the boundary was studied while in this work we study a range of excluded surfaces.
It is interesting to observe the dependence of the critical exponents on the dimensionality and the presence of self-avoidance when the cone/wedge is reduced to a semi-infinite line (when α → π) [26] [27] [28] [29] . In d = 2, a semi-infinite line is a significant barrier to the walk and the change in the critical exponent ∆γ π > 0. (In the language of renormalization group, one can say that in this case, the boundary constitutes a relevant perturbation on the free space Hamiltonian [26, 29] ). In d = 3, the semi-infinite line is not a significant barrier and does not change the critical exponents. However, for ideal polymers in d = 3, ∆γ α approaches zero like 1/ ln |π − α|. (In this case the semi-infinite line constitutes a marginal perturbation). As can be seen in Fig. 4a (solid line) , the approach to zero is almost vertical. Note that the values shown for α/π = 1 were measured for RWs and SAWs with an excluded semi-infinite line. For SAWs we measured ∆γ π = 0, while for RWs, the discrete space results in a small error in the opening angle of the cone that is significant due to the diverging derivative of ∆γ α near α = π, and we measured ∆γ π = 0.018.
III. END-POINT DISTRIBUTION OF A FREE SAW
To set the stage for the study of ρ α ( r), we start with the end-point distribution for a SAW starting from the origin in free space ρ f ( r), normalized so that ρ f ( r)d d r = 1. The free space distribution was studied extensively over the years. In the limit N → ∞, ρ f ( r) depends on r only through the ratio r/R [1] ,
where the prefactor 1/R d is required for normalization. Several properties of the function f (x) are known [30] [31] [32] [33] [34] :
For large values of x,
where
and
A similar exponential cutoff might be expected to hold for a polymer near an excluded cone/wedge, since the conformations of sizes significantly exceeding R are very rare. This effect is not expected to be modified significantly by the presence of an excluded boundary near one of the polymer ends. In the limit x → 0, f (x) describes the chance of a SAW to return to the origin. It is known that in this case
Note that these results carry over to ideal polymers, where, since γ = 1 and ν = 1/2, the powers t f = g f = 0, i.e. the distribution does not vanish for r → 0. Also for ideal polymers δ f = 2 and we recover the Gaussian distribution. Note that the Gaussian form at large x for an ideal polymer attached to a wedge/cone (Eq. (3)) is independent of the opening angle of the cone, as expected. The power law dependence in Eq. (10) is present when the system has no characteristic length scale, and thus we expect to find it again when the polymer is attached to a scale free surface like a cone or wedge. However, the dependence of the power g f on the the other exponents, given in Eq. (11) relies on the translation invariance of the system [1, 34] and is not expected to hold when the boundary is introduced. Indeed, from Eq. (3) we see that for an ideal polymer, the power law dependence at small r does not agree with Eq. (11) . When attempting to extract powers such as t, g and δ from Monte Carlo simulations [35] [36] [37] , we usually need to take into account two types of corrections to the analytical forms presented in Eqs. (6), (7) and (10) . The first are corrections to scaling laws which result from the fact that the walks in the simulation are finite. For example
. As we mentioned in Sec. II, we find that such corrections are negligible here when compared to the statistical scattering of the data. The second are nonasymptotic corrections which result from the fact that Eqs. (7) and (10) are expected to hold only in the regions x ≫ 1 and x ≪ 1 respectively. We attempted to estimate the effect of these correction by fitting different radial regions of the measured distributions separately. For small x = r/R we used a simple power law of the form
with A and g the free parameters, and for the region of large x we used the form
with B, t, D, and δ as the free parameters. The cutoffs for the large and small x regions where selected so that the best agreement with the theory for the exponents g, t and δ is achieved. The same cutoffs were later used to analyze the behavior of SAWs attached the cones and wedges. We also fitted the entire distribution to a function of the form given in Eq. (13) , to see if it can be described by such a 'phenomenological' function [35] [36] [37] . Note that in principle, when using the entire distribution, the parameters in Eq. (13) are not independent of each other due to normalization conditions. We do not take that into account directly in the fitting procedure but only indirectly by using properly normalized data. For SAWs in d = 3 we find that attempting to fit different regions of the distribution separately does not alter or improve the results obtained by the phenomenological description and we only present the exponents derived from the phenomenological fit. This is not surprising since in d = 3, t f ≈ g f ≈ 0.26 and both Eq. (7) and Eq. (10) can be satisfied by the same function. In d = 2 we used x > 1.1 for the large x fit (blue dashed line in Fig. 5a ) and x < 0.4 for the small x fit (red dash-dot line). The exponents obtained from the fits to the free space end-point distributions are given in Tables II and  III . We find good agreement with the theory apart from a slightly smaller value of g f and t f both in d = 2 and d = 3, probably due to the nonasymptotic corrections mentioned above. Note that the error estimates in the tables represent statistical scattering of the data but not systematical errors caused by non-asymptotic corrections for example. 
IV. END-POINT DISTRIBUTION FOR SAWS ATTACHED TO WEDGES AND CONES

A. Radial distribution
In order to understand the behavior of SAW attached to wedges and cones, we attempt to separate the radial and the angular dependence of the end-point distribution, as can be done for RWs (Eq. (3)). To study the Fig. 5a . The phenomenological results (pheno.) were obtained by fitting the entire distribution to the form given in Eq. (13) . We also attempted to use only the region with x > 1.1 to the same functional form while fitting a simple power law (Eq. (12)) to the region x < 0.4. The error estimates are derived from statistical scattering of the data and do not include systematical corrections mentioned in the text. (Fig. 5b ) or attached to the tip of an excluded cone with opening angle α (Fig. 6b) . The numerical values were obtained from the fits shown in Fig. 5b and 6b, were we used the function from Eq. (7). The error estimates are derived from statistical scattering of the data and do not include systematical corrections mentioned in the text. radial behavior we define
We also define the scaled distribution f α (x) = R d ρ α (r), where x = r/R as before. In Fig. 6 we present the radial end-point distributions f α (x) for SAWs starting from the tip of an excluded cone/wedge with opening angle α. The exponents extracted from the fits are shown in Tables III  and IV Fig. 6a . The phenomenological results (pheno.) were obtained by fitting the entire distribution to the form given in Eq. (13) . We also attempted to use only the region x > 1.1 and fit to the same functional form while fitting a simple power law (Eq. (12)) to the region x < 0.4. The error estimates are derived from statistical scattering of the data and do not include systematical corrections mentioned in the text. in d = 3 the effect of the line is negligible, and f π (x) is indistinguishable from 2f (x) (Fig. 6b) . Note that the factor two enters here due to the azimuthal symmetry). In d = 2, the distribution differs significantly from the free space form (Fig. 6a) . We see that the radial dependence of polymers in good solvent is qualitatively similar to that of ideal polymers. The opening angle of the cone/wedge affects the exponent g, whereas the exponent δ, related to large stretching of the polymer, is roughly independent of the surface to which the polymer is attached. The small variations in δ with respect to the opening angle of the cone are most likely a result of our fitting procedure, where we impose simple functional forms on the end-point distribution.
B. Angular distribution in the wedge
We now turn to the angular distribution of end-points in the wedge (d = 2). In [12] the angular distribution for a two-dimensional walk was defined,
and it was predicted that for SAWs starting from the corner of an excluded wedge,
Note that the power ∆γ π/2 /ν is determined by the exponents of a polymer near an infinite line (where α = π/2), and is independent of the opening angle of the wedge to which the polymer is attached. This behavior also exists in ideal polymers, where, in d = 2 the angular function from Eq. (3), Θ α (θ) = cos(θπ/2α) [8, 9] . Eq. (16) was found to be in good agreement with extrapolation of enumeration of short SAWs, although small systematical discrepancies were observed [12] .
The angular density was measured for RWs with N = 10 6 steps and SAWs with N = 5 × 10 5 . In order to test the validity of Eq. (16), we attempted to fit the angular density to the form
where A and y are the free parameters. In Fig. 7 we present ρ α (θ) along with the corresponding fits for selected opening angles α. The power y extracted from the fits is presented in Fig. 8 . For RWs, we find that the power is close to the known value for infinite walks, y = 1, with deviations that result from the fact that the walks in the simulation are finite. The functional form in Eq. (3) is expected to hold when h, the distance between the starting point of the polymer and the corner of the wedge (ten lattice units in this case), is much smaller than the characteristic size of the polymer (say R). As can be seen in Fig. 8 , for larger values of α, where the polymer is less confined and R is smaller, the deviation from the line x = 1 is more significant. Note that for the SAWs in the simulation the characteristic sizes are much greater (since ν is greater) and we do not expect such corrections to be important. For SAWs, the power y does not match the predicted value, y = 0.52 [12] , and exhibits a weak dependence on the opening angle of the wedge. The small deviation is in fact consistent with the systematical errors reported in [12] . The prediction in Eq. (16) is based on the assumption that the dominant contribution for the integral in Eq. (15) comes from a region where ρ α (r, θ) can be separated into a product of angular and radial functions and the angular part has the form given in Eq. (16) . This kind of separation is expected to occur for long polymers in the limits r ≫ R or R ≫ r ≫ h, since in these regions the system has no typical length scale. For long RWs, we know the separation into a product of radial and angular functions occurs for any r (see Eq. (3)). We measured the detailed end-point probability distribution ρ(r, θ) for a two-dimensional SAW near an excluded semi- 5 steps on a square lattice starting near the tip of an excluded wedge/cone with opening angle α, where r is the distance from the tip of the wedge/cone, R 2 is the mean square end-to-end distance of the walk in free space and x = r/R. The distributions are plotted for α = iπ/8 with i = 3, 4, .., 8. The solid lines are fits to the functional form in Eq. (13) . We also plot the free space distributions f (x) in d = 2 and 2f (x) in d = 3, where the factor two enters due to the azimuthal symmetry.
infinite line. As can be seen in Fig. 9 , the distribution does not separate to a product of a radial and angular functions. To get a sense of the angular dependence of ρ, we fitted the angular distribution at different radii to the form in Eq. (17) and observed the changes in the power y computed from the fits (Fig. 9b) . For small r/R, ρ is flatter, i.e., displays weaker variation with respect to θ. For large r/R, the power y saturates as expected. We find that ρ α=π (r, θ) can be roughly approximated by the function
where x = r/R as before, a 1 = 1. with the results of Sec. IV A. These values should not be taken too seriously. The function in Eq. (18) is an example of a simple form of ρ α (r, θ) that separates into a product of angular and radial functions for x ≪ 1 and x ≫ 1 but displays non-trivial angular dependence for arbitrary x. The density in Eq. (18) crosses over between two powers of the cosine at a typical radius that depends on A, B, a 1 and a 2 . It seems that to properly describe ρ α (r, θ) for SAWs in wedges, more terms similar to the two in the curly brackets of Eq. (18) with different powers and prefactors must be used.
The ratio between the mean square end-to-end distance R 2 α of the polymer attached to a cone/wedge and R 2 for a polymer in free space is a universal property which becomes independent of N for large polymers. It was studied for a polymer near a flat surface both numerically [38, 39] and analytically [29, [40] [41] [42] [43] . Freed [40] extended the renormalization group method to include polymers attached to a wall. The wall and the steric repulsion between monomers were introduced as perturbations to the ideal polymer model in free space. If the surface has dimension d = 2, both the steric repulsion and the boundary become irrelevant when the dimension of the system d > 4 (see Sec. II). The end-point distribution function and the polymer size can then be evaluated by expanding in ǫ = 4 − d. Douglas and Kosmas [29] treated a polymer near a surface of arbitrary dimension by introducing a second parameter They showed that to first order in ǫ and ǫ ⊥ the universal ratio depends only on the dimensions of the system and the surface and on the exponent ν. For a real polymer in d = 3 near a plane, which corresponds to α = π/2 in our description, they found R 2 α /R 2 ≈ 7/6. We measured a value of 1.22, in agreement with [42] .
For ideal polymers (RWs), Eq. (4) determines R ))) ∆î3.
))) αî3.
))) î3.
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))) 3. that which is known for RWs (see Sec. IV A), we compared the universal ratio R 2 α /R 2 measured for SAWs to the measured ∆γ α . As is shown in Fig. 10 , we find that Eq. (4) describes the relationship between these properties quite well, especially in d = 3. It is not surprising that the ratio R 2 α /R 2 can be expressed in terms ∆γ α , since both R 2 α /R 2 and ∆γ α are monotonic functions of α. However, it is notable that R 2 α /R 2 is, to a good approximation, linear in ∆γ α for a wide range of opening angles, with the same slope in terms of universal exponents as is known analytically for RWs. Quantitatively, we observe that
where A 1 = 1/dν, while A 2 < 0.01 in d = 3 and A 2 ∼ 0.1 in d = 2. We do not have an analytical basis for this result. Possibly, such a relation may emerge from higher order terms in the renormalization group approach.
VI. SUMMARY AND CONCLUSIONS
The generation of large ensembles of long chains has always presented a challenge in polymer simulations [44, 45] . This is especially true when attempting to measure universal properties, since the critical point in the polymer system is reached only in the limit N → ∞. The recent implementation of the pivot algorithm by Clisby [20, 21] , allowed a significant increase in polymer sizes feasible in simulations.
In this work, we demonstrated that by using intersection tests with surfaces that take advantage of the SAW tree data structure (which lies at the heart of Clisby's implementation), it is possible to perform a direct study of large polymers near surfaces and measure their universal properties. We expect that this advancement can be used not only in the study of polymers in various geometries, but also in simulating polymers with different topology (e.g. star polymers [46] and polymer brushes [47] ).
Scale free boundaries such as infinite wedges and cones constitute a special class of systems, where the universal properties change continuously (e.g. with the opening angle of the cone/wedge). This quality makes it possible to study study universal properties which are shape dependant like γ α and R 2 α /R 2 and find relations like that in Eq. (19) .
Our study of the end-point distribution of SAWs in wedges and cones revealed similarities in the radial behavior of the distribution ρ α (r) to the ideal polymer case (especially regarding the ratio R 2 α /R 2 ), but also an important difference in the angular dependence. The endpoint distribution ρ α (r, θ) for SAWs is more complicated than that of RWs and generally does not separate into a product of angular and radial functions.
